Dedicated to Jacques Lewin on the occasion of his sixtieth birthday.
Introduction
Throughout, let G be a (discrete) group, and let R be a subring of C which is closed under complex conjugation, for example, Z or C.
1.1. Definitions. For any subset S of R, let us define the lcd of S to be the unique non-negative integer lcd(S) such that {n ∈ Z | n · S ⊆ Z} = lcd(S) · Z.
This number is of interest only if it is non-zero, or equivalently, positive, in which case S lies in Q, and lcd(S) is then the lowest common denominator of all the elements of S.
By the fin -1 of G, denoted fin -1 (G), we mean the additive subgroup of Q generated by the inverses of the orders of the finite subgroups of G. The lcm of G is defined as lcm(G) = lcd(fin -1 (G)).
Thus G has positive lcm if and only if the orders of the finite subgroups of G constitute a finite set, and then lcm(G) is the least common multiple of these orders. In this event, fin -1 (G) = The original version of the Atiyah conjecture says that, for a compact CW-complex X, the L 2 -Betti numbers satisfy {b p (2) (X) | p ∈ N} ⊆ fin -1 (π 1 (X)).
See [17] for an overview of L 2 -invariants. The following is a slightly more general, algebraic, version.
Definitions.
For each n ∈ N, and each A ∈ M n (RG), we can view A as a bounded operator on l 2 (G) n , and we denote the von Neumann dimension of the kernel of this operator by dim G (ker A), a real number in the interval [0, n]. Let ker-dim R G:= {dim G (ker A) | A ∈ M n (RG), n ∈ N}, a subset of the interval [0, ∞). We say that G satisfies the Atiyah conjecture over R if ker-dim R G ⊆ fin -1 (G).
The original Atiyah conjecture is equivalent to the statement that all finitely presented groups satisfy the Atiyah conjecture over Z.
We shall be concerned with the case where G has positive lcm, and here G satisfies the Atiyah conjecture over R if and only if lcm(G) · ker-dim R G ⊆ Z, that is, lcd(ker-dim R G) divides lcm(G).
We remark that ker-dim R G has positive lcd if and only if ker-dim R G is a discrete subset of R.
From the ring-theoretic viewpoint, the most interesting aspect is that, if G has a torsion-free subgroup H of finite index (so lcm(G) = 0), and G and H satisfy the Atiyah conjecture over R, then there exists a skew field E such that RG can be embedded in M n (E) with n = lcm(G). This, and related results, will be recalled in Section 2.
In [21, Proposition 2.1], a criterion, recalled as Theorem 3.3 below, was given and was applied to show that, if G has positive lcm and satisfies the Atiyah conjecture over R, then so do all groups of the form G * F and G ⋊ F , where F is any free group. These are special cases of HNN-extensions. In Section 3, we refine the argument to cover all HNN-extensions, and even more general constructions.
Recall that the fundamental group of a graph of groups is built up from certain distinguished subgroups, called the vertex groups, using HNN-extensions and free products with amalgamation; see [22] or [3] . For example, a (multiple) HNN-extension is the fundamental group of a graph of groups with a single vertex group. Our main result is the following.
Theorem. (= Theorem 3.7)
If G is the fundamental group of a graph of groups, and H is any group such that each vertex group of G embeds in H, then lcd(ker-dim R G) divides lcd(ker-dim R H).
If, moreover, G and H have equal positive lcms, and H satisfies the Atiyah conjecture over R, then G satisfies the Atiyah conjecture over R. For example, any subgroup H of G which contains all the vertex groups satisfies fin -1 (H) = fin -1 (G). Thus we have the following.
Corollary.
If G is an HNN-extension of a subgroup which has positive lcm and satisfies the Atiyah conjecture over R, then G satisfies the Atiyah conjecture over R.
In Section 4, we show that certain groups which are built up by successively using HNN-extensions and free products with amalgamation satisfy the Atiyah conjecture over R.
In Section 5, we use this to prove the following three results.
Theorem.
If G is the fundamental group of a Haken three-manifold (possibly with boundary), then G satisfies the Atiyah conjecture over C, and CG embeds in a skew field.
1.6. Theorem. If G is a subgroup of a right-angled Coxeter group, then G satisfies the Atiyah conjecture over C. If the ambient Coxeter group is finitely generated, then CG can be embedded in M n (E), where E is some skew field and n = lcm(G).
1.7. Theorem. If G is a subgroup of a one-relator group, then G satisfies the Atiyah conjecture over C, and CG can be embedded in M n (E), where E is some skew field and n = lcm(G).
Lewin-Lewin showed in [10] that, if G is a torsion-free one-relator group, then, for any skew field D, DG embeds in a skew field. It was therefore a natural challenge to prove the Atiyah conjecture for one-relator groups.
In Section 6, we consider the smallest class U tf of (torsion-free) groups which contains all the torsion-free, elementary amenable groups, contains all the free groups, and is closed under taking subgroups, extensions, directed unions, amalgamated free products, and HNN-extensions. We show that the class of torsion-free groups which satisfy the Atiyah conjecture over R is closed under taking extensions by elements of U tf .
Embeddings in semi-simple Artinian rings
In this section, we briefly review some of the ring-theoretic background.
Remarks.
If G is finite, it is well known, and easy to prove, that
It follows that fin -1 (G) lies in the additive subgroup of R generated by ker-dim R G; the Atiyah conjecture ventures that equality holds.
This implies that the class of groups which satisfy the Atiyah conjecture over R is closed under taking direct limits. It is also closed under taking subgroups which have the same fin -1 as the ambient group.
Clearly equality holds if lcm(G) = 0. The conjecture that equality always holds is precisely the case of the Atiyah conjecture where lcm(G) = 0.
Notation. Recall that, if
A is a subring of a ring B, then A is said to be division closed in B if every non-unit of A is also a non-unit of B. The division closure of A in B is the intersection of all division closed subrings of B which contain A; this intersection is itself division closed in B.
Let UG denote the algebra of operators affiliated to the group von Neumann algebra N G, so UG is a * -regular classical ring of quotients of N G; see, for example, [12, Section 8] . Let D R G denote the division closure of RG in UG. We remark that the inclusion of RG in D R G is both a monomorphism and an epimorphism in the category of rings. 2.4. Theorem. [13, p. 117 ] If G is free, then D R G is a free skew field over R, freely generated by a basis of G.
The following is quite useful.
Proof. There is a canonical embedding of UH in UG; see, for example, [11, p. 563] . Since UH is a * -regular ring, it is division closed in UG. And D R G is division closed in UG, by definition. Thus RH must have the same division closure in each of UH, UG, and D R G.
Recall that a subset X of G is said to be independent if X freely generates a free subgroup of G.
2.6. Corollary. Each independent subset of G freely generates a free skew field over R in the ring D R G.
2.7.
Lemma. Let n = lcd(ker-dim R G).
(1) If G has a torsion-free subgroup H of finite index which satisfies the Atiyah conjecture over R, then D R G is semi-simple Artinian and n is positive. In fact, n | [G : H].
(2) If D R (G) is semi-simple Artinian and n is positive, then D R G embeds in M n (E) for some skew field E. 
where E 1 , . . . , E s are skew fields of characteristic zero. For any r with 1 ≤ r ≤ s, and any i with 1 ≤ i ≤ n r . Let
be the projection onto the ith column. Let
and let P denote the set of all projections of D R (G). Let
and similarly for tr G (P ). These are subsets of the interval [0, 1], and, moreover, no element of tr G (P 0 ) is 0. For each r = 1, . . . s, and i = 1, . . . , n r , p ri is conjugate to p r1 , so tr
From the decomposition of D R G we see that for any p ∈ P , there exist units a, b in D R G such that apb is a sum of distinct elements of P 0 , and, in particular, apb ∈ P . By [11, Lemma 2.3] , which uses the notation rank = tr G on P , we have tr G (p) = tr G (apb). Hence tr G (p) is a sum of elements of tr G (P 0 ). Thus, lcd(tr
Consider first the case where D R G is simple Artinian, so s = 1, and 1 =
Next, consider the case where s ≥ 2 and n = lcd(tr G (P 0 )) is positive. For each r = 1, . . . s, let a r = n tr G (p r1 ), so a r is a positive integer. Now
Any two skew fields of the same characteristic can be embedded in a common skew field; see, for example, [1, p. 107] . It follows that there exists a skew field E such that E 1 , . . . , E s can be embedded in E. Since n = s r=1 n r a r , D R G can be embedded in M n (E) by a block diagonal embedding, which proves (2).
We asked Peter Linnell how to compute the number s of indecomposable (simple) factors of D R G occurring in the above proof, and he kindly provided the following answer.
Recall that ∆ + = ∆ + (G) is defined as the union of all those finite conjugacy classes which consist of elements of finite order. If lcm(G) = 0, or, more generally, if ∆ + is finite, then ∆ + is the unique maximal finite normal subgroup of G. Proof. (1) . Let e be a central idempotent in D R G. For x = (1 − e * )e we see that x * x = 0, and, since this holds in the * -regular ring UG, it follows that x = 0, so e = e * e. Thus e is a projection. All projections in UG lie in N G, so e lies in N G. Now e commutes with every operator in CG, so, by strong continuity of multiplication, e commutes with every element in N G, so e is a central projection in N G.
All central projections in N G have their support in ∆ + (G), and, since ∆ + (G) is finite, e lies in CG.
Thus e is a central idempotent of CG. Moreover, if ∆ + (G) = 1 then D R G has no non-trivial central idempotents. (2) . Suppose that e is a central idempotent in CG. As in the proof of (1), e commutes with every element of N G, so e commutes with every element of the classical ring of quotients UG of N G. Hence e is a central idempotent of D C G.
The result now follows from (1).
It is not difficult to combine the last two results and obtain the following.
2.9. Theorem. Suppose that G has a torsion-free subgroup H of finite index, and that G and H both satisfy the Atiyah conjecture over R. Let n = lcm(G).
(1) D R G, and hence RG, embed in M n (E) for some skew field E.
Fundamental groups of graphs of groups
Throughout this section, besides the group G and the ring R, we fix a group H.
Definitions.
A left G-transversal in a left G-set X, is a subset of X which contains exactly one element from each G-orbit in X; by the axiom of choice, left G-transversals in X exist. The set of G-orbits will be denoted G\X, and, for each x ∈ X, the G-stabilizer of X will be denoted G x . By a (G, H)-bi-set we mean a set given with a left G-action and a right H-action such that the two actions commute.
We say that a (G, H)-bi-set is G-free if the G-stabilizers are trivial, and H-free if the H-stabilizers are trivial.
3.2. Lemma. Let X be a left G-set.
If, for every x ∈ X, the G-stabilizer G x embeds in H, then (1) there exists a family of maps
such that, for all x ∈ X, for all g 1 , g 2 ∈ G,
and the restriction of γ x to G x is injective (and a group homomorphism).
Proof. Let x 0 ∈ X, and let α : G x0 → H be an injective group homomorphism. We claim that there exists a right α-compatible map β :
Since G is free as right G x0 -set, we can construct β as follows. Choose a right G x0 -transversal in G, and map each element of this transversal arbitrarily to an element of H, and extend by the G x0 -action to all of G.
Now let x ∈ Gx 0 , and choose
Since β is right α-compatible, we see that γ x is independent of the choice of g x .
For all g 1 , g 2 ∈ G,
We now show that γ x restricted to G x is an injective group homomorphism. Suppose that g ∈ G x , so g −1
x gg x ∈ G x0 , and
Since α is injective, we see that γ x is injective on G x . Since Gx 0 is an arbitrary G-orbit in X, we have proved that (1) holds. Now suppose that (1) holds. It is straightforward to check that we have the desired (G, H)-bi-set structure on X × H, and that it is G-free and H-free. Finally, for any x ∈ X, there is a well-defined, injective map from
We next recall the exact form of a result that we shall use.
Suppose that there exist G-free, H-free (G, H)-bi-sets ∆, Ω, and a bijective map φ : ∆ → Ω ∨ H such that φ maps each H-orbit of ∆ bijectively to an H-orbit of Ω ∨ H, and, for each g ∈ G, {x ∈ ∆ | φ(gx) = gφ(x)} meets only finitely many H-orbits of ∆.
We can now prove a preliminary version of our main result.
Lemma.
Suppose that G is the fundamental group of a graph of groups such that each vertex group embeds in H, and each edge group has cardinal strictly less than max{|H| ,
Proof. We want to apply Theorem 3.3. Let { * } be a trivial G-set, and let { * } × H have the (G, H)-bi-set structure given by g · ( * , y) · h = ( * , yh).
By the hypotheses and Bass-Serre theory, G acts on a tree T such that each vertex stabilizer embeds in H, and each edge stabilizer has order less than max{|H| , ℵ 0 }. See [22] or [3] for details. We use the notation of [3] . In particular, V T denotes the set of vertices of T , ET the set of edges, and ET −1 the set of edges with the reverse orientation.
By Lemma 3.2, there exists a family of maps
and the restriction of γ v to G v is injective. Hence, there is a corresponding G-free H-free (G, H)-bi-set structure on V T × H.
For each e ∈ ET , let γ e = γ ιe , and let γ e −1 = γ τ e . It is clear that this gives a family of maps
satisfying the conditions of Lemma 3.2(1). Hence, there is a corresponding 
is a family of permutations of H, and, since π is a G-map, gπ(e
We choose an arbitrary v 0 ∈ V T . Let φ : V T → ET ∨ { * } denote the map which assigns to each v ∈ V T the last edge in the T -geodesic from v 0 to v, where this is taken to be * if v = v 0 . By Julg-Valette [8] , φ is bijective, and, for all v ∈ V T , g ∈ G, we have φ(gv) = gφ(v) if and only if v is not in the T -geodesic from v 0 to g −1 v 0 . Consider any v ∈ V T . We define the sign of v as follows. Exactly one of the assertions v = τ (φ(v)), v = ι(φ(v)), v = v 0 holds, and we say that v is positive, negative, or neutral, respectively.
For each v ∈ V T , we define π v : H → H to be π φ(v) if v is positive, and to be the identity map if v is not positive. Defineφ
Since φ and the π v are bijective, it is clear thatφ is bijective. Also,φ maps each H-orbit of V T × H bijectively to an H-orbit of (ET ∨ { * }) × H.
Consider any h ∈ H, and any g ∈ G, and any v ∈ V T such that v is not in the T -geodesic from v 0 to g −1 v 0 , so gφ(v) = φ(gv). We claim that
Since gφ(v) = φ(gv), it remains to show
By hypothesis, v and gv are not neutral, and they have the same sign. If v and gv are negative, then π v and π gv are the identity map, and γ φ(v) = γ ι(φ(v)) = γ v , so (3.5) holds in this case. If v and gv are positive, and e = φ(v), then π v = π e , π gv = π ge , γ φ(v) = γ e , γ v = γ τ (e) = γ e −1 , so (3.5) takes the form γ e (g)π e (h) = π ge (γ e −1 (g)h), and this holds by the construction of π.
Thus we have shown that, if g ∈ G, then, for all v in some cofinite subset of V T , and all h ∈ H, g(φ(v, h)) =φ(g(v, h)). Now the result follows from Theorem 3.3.
3.6. Remark. Suppose that G acts on a tree T , and that there exists a homomorphism γ : G → H which is injective on the vertex stabilizers (so the kernel of γ is free). Then, in the above proof, we can take γ v = γ for all v ∈ V T , and here γ e = γ = γ e −1 , for all e ∈ ET . Hence we can take each π e to be the identity map on H, without any cardinality assumptions. The action of G on T × H is given by g(t, h) = (gt, γ(g)h), and the bijectionφ : V T × H → (ET ∨ { * }) × H takes the formφ(v, h) = (φ(v), h). Hereφ is an H-map.
We now come to our main result. 
If, moreover, G and H have equal, positive lcms, and H satisfies the Atiyah conjecture over R, then so does G.
Proof. Take F to be a free group with |F | > |H|. Then G is the fundamental group of a graph of groups such that each vertex group embeds in H * F , and each edge group has cardinal strictly less than |H * F |, so
by Lemma 3.4. Notice that H * F is the fundamental group of a graph of groups with single vertex group H, and rank(F ) edge groups all of which are trivial, so have cardinal less than ℵ 0 . By Lemma 3.4,
The result is now clear.
Using Bass-Serre Theory again, we get a corresponding statement for trees.
3.8. Theorem. If G acts on a tree such that each vertex stabilizer embeds in H, then lcd(ker-dim R G) divides lcd(ker-dim R H).
If, moreover, G and H have equal, positive lcms, and H satisfies the Atiyah conjecture over R, then G satisfies the Atiyah conjecture over R.
We will frequently use the following.
3.9. Remark. If G acts on a tree T , then each finite subgroup of G fixes a vertex of T ; see, for example, [3, Corollary I.4.9] . Thus fin
Equivalently, if G is the fundamental group of a graph of groups, with vertex groups (G(v) | v ∈ V ), then each finite subgroup of G lies in a conjugate of some
Towers
4.1. Definitions. Let B be a class of groups. We say that B satisfies the Atiyah conjecture over R if every element of B satisfies the Atiyah conjecture over R.
We say that B satisfies the Atiyah conjecture over R uniformly if, for each finite subset K of B, there exists a group H which satisfies the Atiyah conjecture over R such that each element of K embeds in H, and
Here it is not required that H lie in B.
Notice that, if B satisfies the Atiyah conjecture over R uniformly, then so does every subclass; by considering subclasses which consist of a single element, we see that, in this case, B satisfies the Atiyah conjecture over R.
We write B tf to denote the subclass of B consisting of the torsion-free elements of B, and B lcm to denote the intermediate class consisting of those elements of B which have positive lcm.
We now recursively define, for each ordinal α, a class of groups T α (B). Let T 0 (B) consist of all groups G such that G is isomorphic to an element of B.
Now suppose that α > 0 and that we have defined T β (B) for all β < α.
Define T α (B) to be the class consisting of all groups G such that G acts on a tree so that each vertex stabilizer lies in T α − (B), if α is a successor ordinal, and G is a directed union of subgroups which lie in T α − (B), if α is a limit ordinal. Clearly T α (B) contains T β (B) whenever β < α. Let T (B) denote the union of all the T α (B).
The following results are easy to check.
4.2. Lemma. Let B be a class of groups.
(1) If B is closed under taking finite free products and satisfies the Atiyah conjecture over R, then it satisfies the Atiyah conjecture over R uniformly.
(2) T (B) is the smallest class of groups which contains B and is closed under taking directed unions, amalgamated free products and HNN-extensions.
(3) If G acts on a tree and each vertex stabilizer belongs to T (B) then G belongs to T (B).
We now mention some classes that we will be able to work with.
4.3.
Example. Sub(A) and {1}. For any finite abelian group A, let us write Sub(A) for the class of all subgroups of A. Then Sub(A) is closed under taking subgroups, and satisfies the Atiyah conjecture over R uniformly. For any positive integer n, we denote the cyclic group of of order n by C n . We write {1} for the class consisting of the trivial group.
4.4.
Example. Linnell's class C. Let C denote the smallest class of groups with the following three properties.
(1) C contains all free groups.
(2) C is closed under taking directed unions.
(3) C is closed under taking extensions by elementary amenable groups, that is, if G has a normal subgroup N such that N ∈ C and G/N is elementary amenable, then G ∈ C.
Linnell proved, in [11] , that C lcm satisfies the Atiyah conjecture over C.
It is easy to see that C is closed under taking subgroups, since it is built up from classes of groups with this property.
Reich proved, in [20, Theorem 7.7(iv) ], that C is closed under taking arbitrary free products. By Lemma 4.2(1), C lcm satisfies the Atiyah conjecture over C (and hence over R) uniformly. [14] that this is also true with Q replaced with certain larger subrings of C, such as the algebraic closure of Q.
These give large classes to which we can apply the following.
Theorem. Let B be a class of groups. (1) If B is closed under taking subgroups, then so is T (B). In this case, G lies in T (B) if and only if every finitely generated subgroup of G lies in T (B).
(2) (T (B)) tf = T (B tf ). Suppose that G lies in T α (B), and let H be a subgroup of G. It suffices to show that H ∈ T α (B).
If α is a successor ordinal, then G acts on a tree T with vertex stabilizers lying in T α − (B). Clearly H acts on T , and the vertex stabilizers are subgroups of elements of T α − (B), so, by the induction hypothesis, they lie in T α − (B). Hence H ∈ T α (B).
It remains to consider the case where α is a limit ordinal. Here G is a directed union of elements of T α − (B), and, on intersecting with H, we see that H ∈ T α (B), by the induction hypothesis.
By transfinite induction, T (B) is closed under taking subgroups. By Lemma 4.2(2), T (B) is closed under taking directed unions, so G belongs to T (B) if the same is true for every finitely generated subgroup of G.
(2). Any finite group acting on a tree fixes a vertex; see Remark 3.9. Any finite subgroup of a directed union i∈I G i is contained in one of the G i . The result now follows by transfinite induction.
(3). Let (G j | j ∈ J) be a family of groups which belong to T α (B), and let G = * j∈J G j . We shall show that G belongs to T α (B). Recall that α > 0.
Consider first the case where α is a successor ordinal. Here, by Bass-Serre Theory, each of the groups G j is the fundamental group of a graph of groups (G j (−), Y j ) with vertex groups G j (v) ∈ T α − (B). Construct a new graph of groups (G(−), Y ) as follows. For each j ∈ J, choose a vertex v j in Y j . Choose an element j 0 of J. Take Y to be the disjoint union of the Y j , together with an edge e j joining v j to v j0 for each j ∈ J with j = j 0 . Assign to each such edge e j the trivial group, and assign to each element of the disjoint union of the Y j the same group as already assigned. The implicit maximal subtrees of the Y j together with all the e j gives a maximal subtree T of Y . It is clear from the description by generators and relations that the fundamental group of (G(−), Y ) with respect to T is the free product G, so G acts on the Bass-Serre tree; the vertex stabilizers are isomorphic to vertex groups of G, so belong to
It remains to consider the case where α is a limit ordinal. Here, each G j is a directed union G j = i∈Ij G ij , where each G ij lies in T α − (B). The free product G is then the directed union of all the finite free products * j∈J ′ G ij j where J ′ is a finite subset of J, and each i j lies in I j . Each such finite free product belongs to T α − (B) by the induction hypothesis. By definition, G ∈ T α (B). (4). We will show by transfinite induction on α that (T α (B)) lcm satisfies the Atiyah conjecture over R uniformly.
The result holds for α = 0 by hypothesis. Thus we may suppose that α > 0 and that (T α − (B)) lcm satisfies the Atiyah conjecture over R uniformly.
Suppose that G ∈ (T α (B)) lcm . By (3), (T α (B)) lcm is closed under taking finite free products, so, by Lemma 4.2(1), it suffices to show that G satisfies the Atiyah conjecture over R.
If α is a successor ordinal, then G is the fundamental group of a graph of groups (G(−), Y ) with vertex groups in T α − (B). Let (Y i | i ∈ I) be the directed set of finite connected subgraphs of Y which meet the implicit maximal subtree of Y in a maximal subtree. For each i ∈ I, let G i denote the fundamental group of the graph of groups (G(−), Y i ). By the induction hypothesis and Theorem 3.7, G i satisfies the Atiyah conjecture over R. Now G is the directed union i∈I G i , so, by Remarks 2.1, G satisfies the Atiyah conjecture over R.
If α is a limit ordinal, then G is the directed union of subgroups which lie in T α − (B), so, by the induction hypothesis and Remarks 2.1, G satisfies the Atiyah conjecture over R.
4.7. Corollary. For any finite abelian group A, the class T (Sub(A)) is closed under taking subgroups, and satisfies the Atiyah conjecture over C uniformly.
Far more generally, for Linnell's class C, (T (C)) lcm is closed under taking subgroups, and satisfies the Atiyah conjecture over C uniformly.
The class of torsion-free groups T (D × ) is closed under taking subgroups, and satisfies the Atiyah conjecture over Q uniformly.
Examples

Example. Fundamental groups of Haken three-manifolds.
A compact, orientable three-manifold, possibly with boundary, is irreducible if it is connected and every embedded two-sphere bounds an embedded three-disc.
We call a three-manifold Haken if it is compact, orientable and irreducible, and it contains an orientable incompressible surface, that is, a properly embedded, connected, compact, orientable surface which is not a two-sphere, and such that the inclusion induces an injection on fundamental groups.
Examples of Haken manifolds are compact, orientable, irreducible threemanifolds such that the boundary contains a surface which is not a two-sphere, or which have infinite first homology with integer coefficients; see [7, Lemmas 6.6 and 6.7] .
Important cases of the former are the complements of tubular neighborhoods of certain links, such as knots, in S 3 . Obviously such a link complement is compact and orientable, and the boundary contains a surface which is not a two-sphere, so it remains to consider irreducibility. By Alexander's Theorem, every two-sphere embedded in a link complement splits S 3 into two three-discs; the link is said to be split if, for some such two-sphere, the link has non-empty intersection with both three-discs, that is, neither of the three-discs lies in the link complement. Otherwise, the link is non-split, and here, for every two-sphere embedded in the link complement, one of the resulting three-discs lies in the link complement, and is bounded by the two-sphere. Thus the complement of a tubular neighborhood of a non-split link in S 3 is a Haken manifold. Haken manifolds can be constructed out of simple pieces in an inductive way; see [7, Chapter 13] . More precisely, every Haken manifold M admits a hierarchy, that is, a finite sequence of pairs (M 1 , F 1 ) , . . . , (M n , F n ) where
(2) For 1 ≤ j < n, F j is an orientable incompressible surface in M j which is not boundary parallel, and M i+1 is the manifold obtained from M i by cutting it open along F i , that is, by removing an open tubular neighborhood of F i ; (3) each component of M n is a three-disk, and F n is empty.
Suppose that 1 ≤ j < n. If F j does not separate M j , then the two embeddings of F j into ∂M j+1 induce two inclusions ι, τ :
). In all these cases, M 0 j is the component of M j which contains F j . The other components are contained unchanged in M j and in M j+1 .
Hence π 1 (M ) lies in T ω ({1}). In particular, π 1 (M ) is torsion free.
By a Haken group we mean the fundamental group of some Haken manifold (possibly with boundary).
Theorem.
Let G be a Haken group. Then G lies in T ({1}), so G satisfies the Atiyah conjecture over C. Hence D C G is a skew field containing CG. 5.4. Example. Right-angled Coxeter groups. Let X = (V, E) be a primitive graph, that is, the edge set E is a subset of the set ( V 2 ) of unordered pairs of elements of the vertex set V . The Xoc group of X, denoted Xoc(X), is the group presented with generating set V , and set of relations
We say that X is the complete graph on V if E = ( V 2 ). By a right-angled Coxeter group we mean the Xoc group of a primitive graph. The Coxeter diagram associated to Xoc(X) is the diagram X op obtained from X by extending X to the complete graph on V , giving all the new edges the label ∞, and erasing all the original edges. Here Xoc(X) is the Coxeter group on X op , denoted Cox(X op ). If V ′ is a subset of V , and
, and X ′ = (V ′ , E ′ ), then X ′ is a primitive graph, and we say that X ′ is a full subgraph of X. In this event, Xoc(X ′ ) is a subgroup of Xoc(X), since there is a retraction which kills the complement of V ′ in V . If X ′ is the complete graph on V ′ , we say that X ′ is a complete subgraph of X.
For a subset, or element, P of Xoc(X), we define the X-support of P , denoted X-supp(P ), to be the smallest subgraph Z of X such that P lies in Xoc(Z). It is easy to see that the X-support is well defined.
Let n denote the least upper bound of the set of cardinals of vertex sets of complete subgraphs of X. We will be particularly interested in the case where n is finite.
We now describe the standard recursive construction of Xoc(X). If X is a finite complete graph, then Xoc(X) = C n 2 . If X is a finite incomplete graph, then it is well known, and easy to prove, that X = Y ∪ Z for two proper full subgraphs Y and Z of X, and then
see, for example, [4] . If X is infinite, then Xoc(X) is the directed union of the Xoc groups of the finite full subgraphs of X.
It follows by induction that, if n is finite, then Xoc(X) ∈ T ω (Sub(C n 2 )). Let G be a subgroup of Xoc(X). By Corollary 4.7 and Remarks 2.1, G satisfies the Atiyah conjecture over C. We claim that each finite subgroup of Xoc(X) has a conjugate which lies in Xoc(Z) for some finite complete subgraph Z of X. To prove this claim, we may assume that X is finite, and then the result follows by induction, since in a free product with amalgamation, a finite subgroup has to lie in a conjugate of one of the factors; see Remark 3.9.
In particular, this shows that fin -1 (Xoc(X)) is generated by the fractions of the form 2 −m such that m ≤ n. Thus Xoc(X) will have non-zero lcm if and only if n is finite, and then lcm(Xoc(X)) = 2 n . We say that X is finitely colorable if there is a coloring of the vertices of X with finitely many colors such that each edge is incident to two vertices of different colors. Then Xoc(X) has a torsion-free subgroup of finite index if and only if X is finitely colorable; see [5, Remark 1 after Theorem 1]. For example, if X is finite, we can color each vertex with a different color; here the commutator subgroup of Xoc(X) is a torsion-free subgroup of finite index, since all the finite subgroups of Xoc(X) embed in the abelianization of Xoc(X).
Still assuming that X is finitely colorable, we can apply Theorem 2.9(1), and deduce that D R G embeds in M 2 m (F ) where F is some skew field and 2 m = lcm(G).
We pause to note this result.
5.5. Theorem. Let G be a subgroup of a right-angled Coxeter group Xoc(X).
(1) G satisfies the Atiyah conjecture over C.
(2) In the terminology given above, if the X-support of G is finitely colorable, then CG embeds in M 2 m (F ), where F is some skew field and 2 m = lcm(G).
5.6. Example. Right-angled Coxeter groups. II. We continue with the notation of Example 5.4, and obtain more detailed information about D R G by considering ∆ + (G). The following terminology will be convenient. For any subgraph Z of X, the umbrella of Z in X is the full subgraph Y of X containing Z, such that every vertex of Y which does not lie in Z is joined to every vertex of Z. Now consider a finite subgroup H of Xoc(X). We have seen that there exists some q ∈ Xoc(X), such that X-supp(q −1 Hq) is a (finite) complete subgraph Z of X. We claim that the normalizer of H in Xoc(X) is q Xoc(Y )q −1 where Y is the umbrella of Z in X. In particular, the normalizer of H is the centralizer of H. To prove the claim, we assume that X-supp(H) = Z, and it suffices to show that the normalizer of H in Xoc(X) is Xoc(Y ). It is clear that H is central in Xoc(Y ), so it remains to consider an element g of Xoc(X) which does not lie in Xoc(Y ), and prove that gHg −1 does not lie in H. Here there exists some x ∈ X-supp(g) which does not lie in Y , the umbrella of Z. Hence there exists some z ∈ Z which is not joined to x. By definition, Z = X-supp(H), so we can find an h ∈ H such that z ∈ X-supp(h). Let X 1 be the full subgraph of X obtained by deleting x and the edges incident to it. Thus g does not lie in Xoc(X 1 ), but Xoc(Y ), H, and h do lie in Xoc(X 1 ). Let X 2 be the umbrella of {x}, so X 2 contains x and all edges incident to it; thus X = X 1 ∪ X 2 and
Since Xoc(Z) is abelian, if we abelianize Xoc(X), the image of h involves z so does not lie in the image of Xoc(X 2 ). Hence h is an element of Xoc(X 1 ) which does not lie in any Xoc(X 1 )-conjugate of Xoc(X 1 ∩ X 2 ), while g does not lie in Xoc(X 1 ). Thus ghg −1 does not lie in Xoc(X 1 ); this is a general fact about amalgamated free products that can be proved by a normal-form argument. In particular, ghg −1 does not lie in H, and the claim is proved. It follows that if H is a finite normal subgroup of G, then H is central in G. Thus ∆ + (G) is a (possibly infinite) elementary abelian 2-group that is central in G. Moreover, it is the torsion subgroup of the center of G.
Let Z be the intersection of all the maximal complete subgraphs of X. The vertices of Z are characterized by the property that each one is joined to all the other vertices of X. By the foregoing, ∆ + (Xoc(X)) = Xoc(Z). Let Y denote the graph obtained from X by deleting Z and all edges incident to it. It is not difficult to show that 
Now suppose, more restrictively, that n is finite, so lcm(Xoc(Y )) = 2 n−n0 . And suppose, even more restrictively, that X is finitely colorable, so, by Theorem 2.9(2), we can write D R Xoc(Y ) = M 2 n−n 0 (E) for some skew field E, and hence
Notice that D R Xoc(X) clearly embeds in M 2 n (E). Still assuming that X is finitely colorable, we can apply Linnell's Theorem 2.8 (2) , and deduce that the number of simple factors of D C G equals the number of elements of the torsion subgroup ∆ + (G) of the center of G, so equals 2 m0 for some m 0 . If ∆ + (G) is a direct factor of G, then, by the same argument as for Xoc(X), we can write
Obviously, similar arguments apply to other types of "graph products of groups"; the building blocks are the subgroups associated to complete subgraphs, and it is the behavior of these that has to be controlled.
5.7.
Example. One-relator groups. Let G be a one-relator group, and let H be a subgroup of G.
There exists a presentation G = X | r = 1 with a single defining relation, and the relator r is a non-trivial element of the free group on the set X. In this free group, r is a positive power r = r n 0 of some element r 0 which is not itself a proper power.
Work of Magnus' shows that G is a subgroup of a group in T ω − (Sub(C n )); see, for example, [18, Theorem IV.5.1]. Hence G lies in T (Sub(C n )). Magnus' work was refined by Lewin-Lewin [10] who showed that, for some finitely generated free group F , G * F can be obtained from C n by a finite sequence of HNN-extensions, so G * F ∈ T ({C n }).
By Theorem 4.6(2), all torsion-free subgroups of one-relator groups lie in T ({1}). By Theorem 4.6 (1), (4) , all subgroups of one-relator groups satisfy the Atiyah conjecture over C.
Also, every maximal finite subgroup of G is cyclic of order n, by Remark 3.9. Thus lcm(G) = n, which means that, when we refer to the lcm of a one-relator group, we are referring to the expression of the relator as a power, in the free group.
Fischer, Karrass, and Solitar showed, in [6, Theorem 2] , that every subgroup of a one-relator group has a torsion-free subgroup of finite index. Thus, by Theorem 2.9(1), there is a skew field E such that D R H, and hence RH, embeds in M m (E), where m = lcm(H). We have seen that, if H is finite, then it is cyclic of order m, so the interesting case occurs where H is infinite. A one-relator group cannot contain a semidirect product of a non-trivial, finite (cyclic) group by an infinite cyclic group; see, for example [9, Corollary 1 of Theorem 3]. Thus, if H is infinite, it follows that ∆ + (H) = 1, and hence, by Theorem 2.9(2), we can write
By Corollary 2.6, any independent subset of H freely generates a free skew field over C in M m (E).
Lewin-Lewin [10] showed that, for any skew field D ′ , if G is a torsion-free, one-relator group then D ′ G embeds in a certain skew field E ′ . (Their argument was recast in terms of HNN-extensions in [2] .) By Magnus' celebrated Freiheitssatz, a subset Y of the generating set X is an independent subset of G if Y does not contain all of the generators which occur in the cyclically-reduced expression for the relator r. Lewin-Lewin showed that such an independent subset Y of G freely generates a free skew field over
Let us record some of the above consequences.
5.8. Theorem. Let G be a subgroup of a one-relator group, and let n = lcm(G).
(1) G lies in T (Sub(C n )); thus, if G is torsion free, then G lies in T ({1}).
(2) G satisfies the Atiyah conjecture over C.
(3) There exists a skew field E such that CG embeds in M n (E), and each independent subset of G freely generates a free skew field over C in M n (E).
Extensions
In this section, we describe various situations where extensions of good groups by very good groups give good groups.
6.1. Notation. If A and B are classes of groups, we denote by A · B the class consisting of all those groups G for which there exists an exact sequence
If A is a class of torsion-free groups, we denote by U (A) the smallest class of groups containing A which is closed under taking amalgamated free products, HNN-extensions, directed unions, and extensions by torsion-free, elementary amenable groups.
Let V tf denote the class of torsion-free, elementary amenable groups, let U tf denote U (V tf ), and let X R tf denote the class of torsion-free groups which satisfy the Atiyah conjecture over R. The statement is clear for α = 0, so we may assume that α > 0 and the result holds for all smaller ordinals.
Let G ∈ A · T α (B), so G has a normal subgroup N ∈ A such that G/N ∈ T α (B). · B) ) lcm satisfies the Atiyah conjecture over R uniformly, and, by Lemma 6.2, it has (A · T (B)) lcm as a subclass.
Proof. By Theorem 4.6(4), (T (A
We recall the exact form of yet another result we shall need. 6.6. Lemma. If A is a class of torsion-free groups which satisfies the Atiyah conjecture over R uniformly, then the same is true of T (A) · T (V tf ).
Proof. Assume that G 1 , . . . , G n ∈ T (A) · V tf , and let G = G 1 * · · · * G n .
Here G is the fundamental group of a graph of groups with n − 1 trivial edge groups. Let T denote the corresponding Bass-Serre tree.
For 1 ≤ k ≤ n, G k has a normal subgroup N k ∈ T (A) such that G k /N k ∈ V tf . Let V = (G 1 /N 1 ) × · · · × (G n /N n ), so V ∈ V tf .
Let N denote the kernel of the natural surjection from G to V . Then N acts on the tree T , and each vertex stabilizer is conjugate to one of N 1 , . . . , N n . By By Theorem 4.6(4), the same is true of T (T (A) · V tf ), and now the result follows by Lemma 6.2.
6.7. Theorem. Let A be a class of torsion-free groups.
(1) If A is closed under taking subgroups, then so is U (A) (defined in 6.1).
(2) U (A) · U tf = U (A). One can construct U (A) by transfinite recursion (in a way similar to that used for T (A)), and here U 0 (A) = T (A) · T (V tf ), and U α (A) = T(U α − (A)) · T(V tf ), for each ordinal α > 0.
All the results now follow by transfinite induction.
(1) can be proved using Theorem 4.6(1). (2) . Suppose that α > 0 and that U (A) · U α − (V tf ) ⊆ U (A). Then
By Lemma 6.2, U (A) · T (U α − (V tf )) ⊆ U (A). Hence
Thus U (A) · (T (U α − (V tf )) · T (V tf )) ⊆ U (A), as desired. (3) can be proved using Lemma 6.6.
6.8. Corollary. The following hold.
(1) U tf is the smallest class containing all torsion-free, elementary amenable groups, and closed under taking extensions, directed unions, amalgamated free products, and HNN-extensions.
(2) U tf contains all free groups, is closed under taking subgroups, and satisfies the Atiyah conjecture over C uniformly. Although U tf is very large, we do not claim that it contains C tf , since we have not considered extensions by elementary amenable groups with torsion.
